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On the Projective Differential Classification of N-Dimensional 
Spreads Generated by o 1 Flats. 

By ARTHUR RANUM. 

INTRODUCTION. 

This paper is a continuation of the i-nvestigation begun in my former paper 
in the Annali di M1atematica Pura ed Applicata, Vol. XIX (1912), pp. 205-249, 
"'On the Projectiwve Differential Geometry of N-Dimensional Spreads Generated 
by ci I Flats." The chief goal aimed at here is the classification of rn-spreads 
generated by a single infinity of (m-1)-flats (linear spreads) in n-dimen- 
sional space from the projective differential standpoint. 

The methods developed and apparatus set up in the earlier paper, and more 
particularly those in Part I, are here applied to the problem of classifying these 
m-spreads by means of their most fundamental projective differential properties. 
So far as four and five dimensions are concerned, this classification is carried 
out with considerable detail in ?? 39-73. For the higher spaces the broader 
outlines alone are given (?? 33-38). The first half of the paper (?? 1-32) 
contains a variety of somewhat disconnected developments of a general nature, 
but all have a more or less direct bearing on the main subject that follows and 
are necessary as preparing the way for it. For the sake of brevity the earlier 
paper will be referred to as "P. D. G." 

Very recently a paper by E. Bompiani has appeared in the Rendiconti di 
Palermo, Vol. XXXVII (1914), pp.3 05-331, entitled "Alcune propriet' proiettivo- 
differenziali dei sistemi di rette negli iperspazi," which has rather close contact 
with the part of my paper dealing with ruled surfaces in F4. He has there 
introduced two very useful numbers called the indices of developability, the 
second of which corresponds exactly to my classes (a), (b) and (c). He has 
not, however, carried out the classification so completely as I have.* 

* In the Transactions of the American Mathematical Society, Vol. XVI (1915), pp. 89-110, I have 
made a further contribution to the theory of ruled surfaces and planar three-spreads in four-space, based 
on ?? 42-59 of this paper, and have made an application of the results to the sphere-geometry of cyclic 
surfaces in three-space. 
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I. ENCLOSED SPREADS. 

1. Enclosed spreads were defined in "P. D. G.", ? 17; about the only 
cases considered in that paper were those in which one spread encloses a.nother 
belonging to the same tree. We now consider the general case. 

Let S = Sr enclose 8= Sr. Then the tangent spread S1 -Sm encloses 

S1 = Sm+r, and the focal spread S1 = S__ encloses S1 0-S . Hence, the 
connditions 

rn > r, > , q m > 1W 
m >+r, rr m - Ur > , { 

mn+r?.m?r, me-r? fn-r,J (1) 

and therefore 
In- ' t_- -r> (m-t) (2) 

must be satisfied. It follows that while the range of a spread nzay be greater 
or less than that of an enclosed spread, the difference betweeni their ranges 
can not be greater than the difference between their dimensionalities. It is 
easy to show by concrete examiples that r -r can hiave any integral value 
from in - in to - (in - ). 

If e-r-i=n- m and Sr encloses If r- -r =-(m-W) andSr en- 
Sm , their focal' spreads coincide. closes S-, their tangent spreads coin- 

cide. 

2. If S is given and the conditions (1) are satisfied, there does not 
necessarily exist any spread S enclosed in it. For instance, if a spread S' 
expressed in normal form ("P. D. G.," ? 44) is [A1, A2; Al, A], it encloses 
an infinite number of spreads S' and S2, but no S' and no S'. 
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But it is easy to see that 
if the focal spread of a given Sr is if the tangent spread of a gisven S" is 

of range s, and if r - _ n-m m and of range t, and if r -T = m fAnd 

r > rs, there exists an Sr enclosed r > r > t, there exists an Sr enclosinag 

in Sm. In particular, puttinlg r s, Sm. In particular, putting r t, we 

we find that ant Sr whose focal spread find that an S, whose tangent spread 
is of range s has ju.st one enclosed is of range t has just one enclosing 

spread of dimensionality m - r + s spread of dimensionality mn + r - t 
and range s, and that is its special and range t, and that is its special 

enclosed spread. * enclosing spread.' 

More generally, an S,, whose first i More generally, an Sr whose first i 
focal spreads are of ranges rl.. rj, tangent spreads are of ranges rl, .... 
respectively, has only one enclosed | ri, respectively, has only one enclosing 
spread of dimiiensionality m-r-r-- | spread of dimensionality in + r+ ri- + 

.... - ri_ + ir and range r-, namely 1 .... + ri_- i ri and range ri, namely 

its i-th special enclosed spread. 'its i-tll special enclosing spread. 

Common Enclosed Spreads. 

3. We define the commnont eniclosed We define the comnmon enclosing 
spread of two given spreads as the spread of two given spreads as the 

spread of h-ighest dimensionality en- spread of lowest dimensionality ell- 
closed in them. It is the locus of the closing them. It is the locus of the 

flats of intersectioil of their corre- connecting flats of their correspond- 

sponding generators. Its directrices ing generators. Its directrices are 
are those whiclh are common to the those curves which are linearly depen- 
two given spreads. dent on the directrices of the two given 

spreads. 

Notice that the common enclosed spread is not the locus of all the common 

points of the two given spreads, but only of those which are common to the 

pairs of corresponding generators. It depends not merely on the given spreads 
themselves, but also on the form of their equations; that is, on the corre- 

spondence that las been established between their generators by the choice of 
the parameter X in both cases. If the equations of one of the given spreads 
are altered by a transformation to a new parameter, 

X-f (o), 

a new correspondence is set up, and a new common enclosed (enclosing) spread 

* See "P. D. G.," ? 31. Here "special enclosed (enclosing) spread" means what is there called 
"first special enclosed (enclosincg) spread." 
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is obtained. In the later applications (?? 8-12, 42-73) to the case where the 
given spreads belong to the same tree, this element of arbitrariness is not present. 

The sum of the dimensionalities of the comnmon enclosed spread and the 
common enclosing spread is obviously equal to the sumn of the dimnensionalities 
of the given spreads. * 

In view of "P. D. G.," ? 29, we see that 
if U is the common enclosed spread if V is the common enclosing spread 
of S and T, and if U, S and T are of S and T, and if V,IS and T are 
corresponding spreads of their re- corresponding spreads of their re- 
spective trees, then U is enclosed in spective trees, then V encloses S and 
S and in T, and therefore also in T, and therefore also their common 
their common enclosed spread. enclosing spread. 

4. But we can say more than this. Let 

U- [Al, A.] 
then we can put 

S - [All .. Aa; B1, ...., Bb 

T [A1,...., Aa; C1 I.. , ,IC 
and 

V [A1, ...., Aa; B1, ., Bb; C1. ., Cc ], 

choosing the fundamental directrices in such a way that they are independent 
in all four cases. The fundamental directrices of the tangent spread 

U1 _ [A1, ...., Aa; Ai .. ,A ] 

are not, in general, independent; let a' be the number of independent linear 
relations connecting them; then, 0 ? a' a. 51, T' and V' will be affected by 
these same relations and also, in general, by others. Let a' + b' be the naumber 
of independent relations connecting the fundamental directrices of S', and a' + c' 
the number connecting those of Tl; then, 

0 < b' < 2b, a' + b'? a + b, 
0<c'<2c, a'+c'<a+c. 

The fundamental directrices of VI will be connected by the a' + b' + c' inde- 
pendent relations already mentioned, and also, in general, by d' others that are 
independenat of one another and of the former relations. Evidently, 

a' + b'+ c'+ d' < a + b + c. 

These latter d' relations are of the form 

A`, Ail....)+X( ... B$,Bi )Ct ..) =0, (3) 
where neither the X-function nor the +-function is identically zero. 

* This holds even when one or more of the spreads is an Sm= Fm_1, provided the word "dimen- 
sionality " be here taken to stand for the number m. See " P. D. G.," ? 9. 
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The ranges of the four spreads U, 5, T, V are equal to 

a-a', a-a'+b-b', a-a'+c-c', a-a'+b-b'+c-c'-d', 

respectively; and the sum of the ranges of S and T is exactly d' units greater 
than the sum of the ranges of U and V. Hence, the sum of the ranges of two 
spreads can not be less thain the sum of the ranges of their common enclosed 
spread and their common enclosing spread. 

5. V1 is obviously the common enclosing spread of S and F1; and 
ascending higher, we see that V2 is the common enclosing spread of S2 and T 2, 

etc. This theorenm and its correlative may be stated as follows: 
If U is the common enclosed spread If V is the common enclosing spread 

of S and T, and if Ui, Si and Ti are of S and T, and if Vi, S and Ti are 
their respective i-th focal spreads, their respective i-th tangent spreads, 
then Ui coincides with the common then V' coincides with the common 
enclosed spread of Si and Ti. enclosing spread of Si and VT. 

6. On the other hand, the common enclosed spread of S1 and T1 encloses 
U1, but does not, in general, coincide with it. By reason of the relations (3) 
it also encloses precisely d' directrices that are independent of each otlier and 
of those of U1; and its dimensionality is d' units greater than that of U1. 

By the principle of "P. D. G.," ? 16, every identical relation affecting Sl 
gives rise to a directrix of the focal spread S, and vice versa. Hence, the 
dimensionalities of U1, Sl, TL, V, are equal to a', a'+b', a'+c', a'+b'+c'+d', 
respectively; and the dimensionality of the coinmon enclosing spread of S, and 
T1 is a' + b' + c', which is d' units less than that of -1,. 

Comparing the last two paragraphs, we see 
that the tangent spread U1 of the that the focal spread V,1 of the com- 
common enclosed spread of S and T mon enclosing spread of S and T en- 
is enclosed in the common enclosed closes the common enclosing spread 
spread U of their tangent spreads, V of their focal spreads, 
and that the difference between the dimensionalities of U and U1 is equal to the 
difference between the dimensionalities of V and V,. 1-Jence, if U1 coincides 
with U, V, coincides with V, and conversely. A simple example in which UD does 
not coincide with U occurs in the discussion of ruled surfaces in F4 (?? 45-48), 
and is obtained by taking the spreads S' and S' for S and T, respectively. 

The Extended Tree. 

7. If two spreads belong to the same tree, their common enclosed (en- 
closing) spread may or may not belong to the tree. If not, it determines a 
secondary tree which may, however, have some spreads in common with the 
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primary tree. The totality of the spreads of a tree together with those of all 
its secondary trees we shall call an extended tree. 

Secondary Trees Determined by Common Enclosing Spreads. 

8. Following the notation of "P. D. G.," ?? 39-46, let us consider a spread 
S expressed in its normal form. By merely inspecting the array (24), of ? 44, 
we can easily learn the structure of a large number of the spreads of tbe ex- 
tended tree determined by S. Thus the two spreads Sa and S ,,* for whicih 

a> _ and 2 _, (4) 

belong to the respective ascending series determined by two of the focal spreads 
of 5, and are both enclosed in S. The fundamental directrices of each of these 
two spreads are those situated in a rectangle in the lower left-lhand corner of 
the array (24). Their common enclosed spread is therefore anlother spread 
of the same kind, and belongs to the primary tree. Their common enclosing 
spread, however, will give us something new, provided neither spread encloses 
the other. To ensure this we first put 

X, > a, 0 < r,- < rt-a i (5) 

so that the two spreads may belong to distinct aseending series; Sx can not 
then enclose Safl* Moreover, if 

a-9 > t (6) 
Sa/8 can not enclose S,,.t 

llence, if the conditions (4), (5) and (6) are satisfied, the common enclosing 
spread T of Sa6 and Sx, will belong to the extended tree determined by S with- 
out belonging to the primary tree. T is evidently of range r,-a. By varying 
a, /X, ,y in all possible ways, we obtain a fourfold system W of such spreads. 

9. Coonsider the secondary tree determined by T. By the right-lhand 
theorem of ? 5, Ti is the common enclosing spread of (Sa,B)j = Sa,+j and 

(SXl) 
- 

S,,,+,. Hence, for] 1., X -y, Ti belongs to the system W, 
and is of range rt-a. For higher values of j, a complete discussion of T' 
would involve a consideration of the identical linear relations connecting its 
fundaniental directrices, and we shall not go into it. 

It is also clear that for i - 1, ...., , Ti is the common enclosing spread 
of (Sai6)i=Sa, - and (Sx,)jSx, j, and is of range rt-a and belongs to 1W. 

Hence, the first x -y successive tangent spreads of T and its first /3 successive 
focal spreads, together with T itself, form a regular series of + X - u + 1 
spreads of range t-a 

* See " P. D. G.," ? 29. t Cf. " P. D. G.," ? 30. 
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Continuing the descending series, we find that for i + 1, .1... 

,3 + X - a- 1, Ti is the common enclosing spread of (Sail) = i +iO and 

(SXA)i= Sx, i, and belongs to W, if its range rt-a+,;> rt-x . Otherwise 
it coincides with -i and belongs to the priniary tree. Further on, for 
i = g + X -, . , ,u Ti surely coincides with S;,,,-i, and is of range r,_X. 

In the final stage of the descent, for which i = It + 1, . . . ., t -X + pu, Ti=-IA+i 
and is of range r-.-X+,h. That is, the descending series determined by T here 
coalesces with that determined by S, although the corresponding terms do not 
coincide. The last spread of the series is Ttx?,h = S, which is, naturally, 
of range ro = 0. 

We see, therefore, that the descending series determined by T, consisting 
of t - x, + I + 1 distinct spreads, comprises four radically dzfferent parts. 
The first part is a regular series of / + 1 terms; the second part has x - a-1 
terms and is irregular; the third part is again regular, with a - d- X ? + 1 
terms; and the fourth part is again irregular, with t - x terms. 

10. Going back to a spread T* belonging to the second part of this series, 
where 3 < i < + x - ac, we see that its j-th tangent spread Ti,, for all values 
of j, is the common enclosing spread of (Sao) i = Sa,fli+,j and (SX,,) i= Sx,,_ + - 

For values of j not greater than x-It+ i, it is of range r,_ fi. and belongs, 
in general, to W. 

It is now clear that all those spreads of W for which X and a - --+t (=x) 
are constanT;, and form, therefore, a twofold system, belong to the samne secontdary 
tree, and that this secondary tree is determined by the common enclosing spread 
of S,o and Sxx, where 

0 < x < X and 0 < rt_ < r -, (7) 

By varying x and x in all possible ways, subject to the condition (7), we obtain 
a twofold system of secondary trees determined by S. 

Secondary Trees Determined by Common Enclosed Spreads. 
11. By merely applying the principle of duality, we can discuss in a similar 

manner an entirely different part of the extended tree determined by a spread S. 
The results are briefly as follows: Let the spreads SaS and SIA satisfy the con- 
ditions (4), (6) and 

x > a, 0 < rt+x < rt+a* (5') 

Their common enclosed spread T is of range r,a and does not belong to the 
primary tree determined by S. Tj is the common enclosed spread of Sa 53+1 

*As in "P.D. G.," ? 68, rt i-x denotes the range of SA. 

16 
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and S4S+j, and, for j = 1, . . . ., - u, is of range rt+a and belongs to the 
system W of spreads T. TV (i - 1, .. . I) is the common enclosed spread 
of Sa l-i and S\'--, and is of range rt+a and belongs to W. Hence, the first 
X -y successive focal spreads and the first j3 successive tangent spreads of T, 
together with T itself, form a regular series of range r,+, . 

Continuing the ascending series, we see that for i=f3+1., 3+2-a-1, 

Ti is the common enclosed spread of Sa-6+i'? and 8X,"`i and is of range rt+a_n+i; 

for i = 3 + x -a,., ,, Ti coincides with 8'f'-' and is of range r,+x; and for 
i =_ + 1,...., u x +y, SI'-A+i and is of ra:nge + The last spread 
of the series, TU-X+ - Su, is of range r,+u 0. Hence, the ascending series 
determined by T consists of four parts, containing f+1, x-a-1, a-/3-X?y+l 
and u6-X spreads, respectively; the first and third of these parts are regular, 
and the second and fourth irregular. 

If i=3 + 19 ...., 3+X oc --1, and j=1, .,X y+i, Tij is the 
common enclosed spread of Sa-t%I and S,X-`+j, and is of range rt+<tn+i and 
belongs to W. Those sprpads of the fourfold system W for which X and 
a - f + x - y (= x) are constant belong to the same secondary tree, which 
is determined by the common enclosed spread of SK,o and S'f, where 

O < x<2 and 0 < r+x< r,+,. (7') 

By varying x and x, we obtain a twofold system of secondary trees determined 
by S. 

12. Incidentally, it is clear that 
if T is the common enclosing spread if T is the common enclosed spread 
of S,p and S,i, satisfying (4), T , of Saf and S, satisfying (4), T'1 
is the common enclosing spread of is the common enclosed spread of 

(Sal)ij and (Sx,)i;, for all values of (Safi)ii and (Sxic))i, for all values of 
i and j. i and j. 

II. THE ORDER OF AN ALGEBRAIC SPREAD. 

13. If an rn-spread Sm generated by m 1 (m - 1) -flats in space of n - 1 

dimensions is algebraic, and if its range is > 0, its order is the number of 
points it has in common, in general, with a fixed (n -n-l)-flat F_-_-_. 
This (n-n-i) -flat must and can always be so chosen as to meet no generator 
in more than one point. Hence, the order of Sm is simply the number of its 
generators which meet F__rn.-, 

This definition is somewhat broader than the usual one, because it includes 
the case rn n-1, in which S., being generated by (n-2) -flats, is not a spread 
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in the ordinary sense of the word. In this case its order is the number of 
generators that pass through a fixed point F0. 

In the simple case in which S1 is a plane curve and S2 its tangent spread 
(the locus of its tangents), their respective orders, as so defined, agree with 
what are ordinarily called the order and class of the curve. If- S, is a curve 
immeersed in a three-flat, S2 its tangent surface and 8s its second tangent spread 
(the locus of its osculating planes), their respective orders are what Salmon 
calls the order, rank and class of the entire system.* It is evident that, in the 
theory of the algebraic spread, not only its order but the orders of its tangent 
and focal spreads, and indeed of all the spreads of its tree, must be taken into 
account. 

The Order of a Rational Spread. 

14. Let us now confine ourselves to the case in which S -= [A1....Am] 
is a rational spread. Then the equations of every directrix Ai can be written 
in the form 

XI = Ai1 (&) I Xn = A= n (C)), 

where Ai, (X)), ...., Ai. (X) are rational integral functions of the parameter X 

having no common factor in Ct. Let the fundamental directrices A1,., Am 
be independent; then the r-rowed determinants of the matrix 

11 Aij (X) 11 (i= 19 .. .,m; j= 1 , n) (8) 
can not all vanish identically. Let F.__= [al .C1.., Cn,] be the fixed 
( n - m -1) - flat referred to in ? 13, and let the constant coordinates of Ci be 
Ci1, . . ., Cin. A necessary and sufficient condition that Fn-.-i meet a gener- 
ator of S. is 

All () .**Al. (ca)) 

Aml, (Ct)) * Amn (6)) 

C11 *.. * = ~~0. 

Cn-n, 1 * n-n. n 
Using Laplace's expansion in terms of the first m rows, we obtain an 

equation whose degree in X gives the number of generators of S. that meet 
Fn-m-1l. We must, however, exclude those indeterminate generators which 
result from the vanishing of a possible common factor of all the in-rowed 
determinants of (8) ; for those particular values of 6) the corresponding points 
of the directrices Ai are not independent. Hence, the order of Sm is equal to 
the highest degree in c) of the expanded n-rowed determinants of the matrix 
(8), after the removal of their common factors. 

* "Analytic Geometry of Three Dimensions," Vol. I (1912), Art. 325, p. 336. 
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III. PROJECTION AND SECTION. 

Restricted and Conical Spreads. 

15. If an n-spread in (n - 1)-dimensional space is enclosed in a q-flat 
but not in a (q-1)-flat, it is said to be immersed in the q-flat. If q <n - 1, 
it is a restricted spread. 

If a spread S encloses a p-flat Fp but no (p+ 1)-flat, we shall call it a 
conical spread (or cone) whose vertex is Fp. If p = 0, 1 or 2, S is a point- 
cone, line-cone or plane-cone, respectively. A non-conical spread may be 
included by putting p -1. 

If S is immersed in Fq , all the spreads of its tree lie in Fq. Its tangent 
spreads and all the spreads SiJ (j ? i) are themselves immersed in F , while 
its focal spreads and the other spreads of its tree may be restricted to smaller 
flats lying in Fq. 

Dually, if S is a cone whose vertex is Fp, all the spreads of its tree are 
conical and enclose Fp. Its focal spreads and all the spreads Si (j < i) have 
the same vertex Fp, while its tangent spreads and the other spreads of its tree 
may have larger vertices enclosing Fp. 

The Effect of Projection and Sectiont on the Structure of a Spread. 

16. Let us consider the effect of projection and section on the structure 
of a spread. Two spreads, or the primary trees determined by them, will have 
the same structure, let us say, if these trees consist of the same number of 
spreads, with the same arrangement and distribution of ascending and descend- 
ing series, and with equal ranges for corresponding spreads. The dimension- 
alities of corresponding spreads must, therefore, either be equal or differ by a 
constant. 

Let S be an rn-spread immersed in Fq; if S is conical, let its vertex be Fp. 
If we project S from a fixed point The spread of intersection U of S 

P, the projecting spread V may be and a fixed hyperplane * Q may be 
regarded as the common enclosing regarded as the common enclosed 
spread of S and P - S?. spread of S and Q = S1. 

We first consider two extreme cases. 
If S is a restricted spread and the If S is a conical spread and the 

point P lies outside of its enclosing hyperplane Q does not enclose its 
flat Fq, V is a conical (mn+1)-spread vertex Fp, U is a restricted (rn-i )- 
of the same structure as S. Its vertex spread of the same structure as S. 
is the connecting flat of P and Fp; it It is immersed in the flat of intersec- 
(V) is immersed in the connecting flat tion of Q and Fq; its vertex (when it 
of P and Fq. is conical) is the flat of intersection 

of Q and Fp. 
* A hyperplane is an (n -2)-flat. 
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This case includes the operations of projection and section in the ordinary 
or narrow sense of the words. 

If S is conical and P lies in or coin- If S is restricted and Q passes 
cides with F., V coincides with S. through or coincides with Fq, U coin- 

cides with S. 

This trivial case is included merely for the sake of completeness. These 
are obviously the only two cases in which the structure of a spread is unaltered 
by projection from a point or section by a hyperplane. 

17. In every other case 
P is enclosed in Fq but not in Fp. Q encloses FP but not F,. Q does not 
P is then not enclosed in S, but must then enclose S, but must enclose one 
be enclosed in one of its tangent of its focal spreads Si+,. This can 
spreads Si+'. This can happen in happen in two ways. Either Si+, is 
two ways. Either Sj+1 is the highest the lowest focal spread of the tree, 
tangent spread of the tree, of range of range zero, and coincides with Fp; 
zero, and coincides with F,; or Si+1 or Si+, is restricted to a flat F,, (q' <q) 
is conical, with a vertex F., (p' > p) enclosed in Fq, and Q encloses P'q 
enclosing F., and P lies in Fp, (but (without enclosing F.). 
outside of F.). 

18. Let the point P be enclosed in Si+', in either one of these two ways, 
but not In Si, and therefore not in St-1 . . , S. The range ri+1 of Si+' must 
then be less than the range ri of S*. By the right-hand theorem of ? 5, Vi is 
the common enclosing spread of Si and P, for all values of j. Hence, for j > i, 
Vt'= SI; and for j_5, VI is of dimensionality one unit higher than Si. The 
range of Vi is ri -1, which is less than that of V'-'. Consequently, the spread 
Via .., although enclosing the common enclosing spread of Si.. and P,* 
does not, in general, coincide with it; and this part of the tree determined by 
V lhas a different structure from the corresponding part of the tree deter- 
nined by S. 

But it is not difficult to see that every spread Vafi(0: ? _<i) coincides 
with the common enclosing spread of Sa1 and P, has the same range as Sa-8, 

and has a dimensionality one unit higher. The same relation also holds between 
their tangent spreads V"fl and Sa7, provided Saly does not enclose P. There 
exists, however, a value j of y, such that P is enclosed in Sap 1+t, but not in 
Sa1i. Hence, Sap, j+1 cana not be enclosed in S'; and "P. D. G.," ? 32, shows that 

* See ?? 3-6. 
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The same line of argument before applied to Si+1 and St can now be 
applied here. Thus, if y > j, Va' -= Sa ; if y/ = j, V;aOy is of range one unit 
less, and dimensionality one unit greater, than Sa,,; and if y <j, Tao^ is of 
the same range as Sa7 and dimensionality one unit greater. Starting with 
the latter spreads, in which y < j, and taking their focal spreads Valy, we can 
continue in this way, until we have exhausted the spreads of the entire tree. 

We see, then, that the primary tree determined by the projecting spread V 
consists, in general, of three essentially different parts: (1) a part which 
coincides with the corresponding part of the tree determined by S; (2) a part 
which has the same structure as the corresponding part of the tree determined 
by 8, but in which the dimensionalities are one unit higher; and (3) a part 
which has a radically different structure from the corresponding part of the 
tree determined by S. Part (1) consists of the partial trees determined by 
Vi+l, the various spreads VaP,j+l (a < i), etc. Part (2) consists of those spreads 
Vay.... for which a < i, y < j, etc. Part (3) consists of those portions of the 
trees determined by V2, the various spreads yaP](a<i), etc., which are not 
included in part (1). 

19. It may happen, however, that one or more subdivisions of part (3) 
coincide with portions of the tree determined by 8, though not with the corre- 
sponding portions. For instance, if ri+1 = ri -1, VP has the same range as its 
tangent spread Vi+1 - S+l, and so coincides withi the focal spread of the latter. 
Similarly, if the range of Saf,j+l is one unit less than that of Safti, yaPj= Sa i+1 1. 
If this holds for all the subdivisions of part (3), the enatire tree determined 
by V has the same structure as that portion of the tree determined by S which 
remains after the excision of S', the various spreads Safi , etc., and certain 
spreads determined by them. 

Part (2) will evidently be absent, if, and only if, i 0; in this case all the 
subdivisions of parts (1) and (3) except the first will also be absent. 

20. Of the correlative discussion we shall merely state the principal re- 
sults. Let the hyperplane Q enclose Si+1, but not S. , or S,; also let Q 
enclose Saf, +1 (a < i), but not Saj; tllen a -(3 + j >i. 

The tree determined by the spread of intersection U of S and Q consists 
of three parts. Part (1) coincides with the corresponding part of the tree 
determined by S, and is made up of the partial trees determined by Ui+1, the 
spreads Uafl,+1 (a < i), etc. Part (2), consisting of those spreads Ua,07.... for 
which a < i, r < j, etc., has the same structure as the corresponding part of the 
tree determined by S, but the dimensionalities of its spreads are one unit lower. 
Part (3), consisting of certain portions of the trees determined by Ui, the 
spreads UalJ (a <i), etc., has a different structure from the corresponding part 
of the tree determined by S. 
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21. The following pairs of correlative theorems are easily deduced from 
what we have said. 

If a spread S is projected from a If U is the spread of intersection 
point P by a spread V, and if in the of a given spread S and a hyperplane 
tree determined by S every spread Q, and if in the tree determined by S 
not enclosing P, whose tangent spread every spread not enclosed in Q, whose 
does enclose P, has a range exactly one focal spread is enclosed in Q, has a 
unit greater than its tangent spread, |range exactly one unit greater than 
then and only then does the tree deter- its focal spread, then and only then 
mined by V have the same structure does the tree determined by U have 
as- a part, or the whole, of the tree the same str-ucture as a part, or the 
determined by S. whole, of the tree determined by S. 

22. If P is enclosed in the immers- If Q encloses the vertex F, of S 
ing flat Fq of 5, but not in any of the (when S is conical), but does not en- 
other spreads of the tree determined close any of the other spreads of the 
by S, then part (1) of the tree deter- tree determined by S, then part (1) 
mined by V will reduce to the single of the tree determined by U will reduce 
flat F., and conversely. I to the single flat F,, and conversely. 

If P is enclosed in Fq but not in If Q encloses F, but does not en- 
any of the other spreads of the tree close any of the other spreads of the 
determined by S, and if every spread tree determined by S, and if every 
of this tree whose tangent spread is spread of this tree whose focal spread 

F. is of range 1, then and only then is F, is of range 1, then and only then 
does the entire tree determined by V does the entire tree determbined by U 
have the same structur-e as a part of have the same structure as a part of 
the tree determined by S, the dimren- the tree determined by 5, the dimen- 
sionalities of all its spreads beinzg one sionalities of all its spreads being one 
unit higher, with the single exception iunit lower, with the single exception 
of the immersing flat, which is Fq. of the vertex, which is F,. 

23. If P is enclosed in S' but not If Q encloses S, but not S, the tree 
in S, the tree determined by V con- determined by U consists of two parts, 
sists of two parts, of which the first, of which the first, determined by U, 
determined by V', coincides with the coincides with the corresponding part 
corresponding part determined by S', determined by 5,,, and the second, 
and the second, determined by V, has determined by U, has a different 
a different structure from the corre- structure from the corresponding 
sponding part determined by S. part determined by S. 
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A necessary and sufficient condition A necessary and sufficient condition 
that the entire tree determined by V that the entire tree determiized by U 
coincide with a part of the tree deter- coincide with a part of the tree deter- 
mined by S, is that P be enclosed in mined by S, is that Q enclose S, but 

S' but not in S, and that the range of not S, and that the range of S, be one 
S' be one unit less than that of S. unit less than that of S. 

IV. ENUMFERATION OF ARBITRARY FUNCTIONS. 

24. We shall now take up certain questions concerning the degree of 
generality of r-spreads generated by oo I flats in F.,; this is determined by 
counting the number of independent and essential functions of tlle parameter X 

which enter into their equations. 
For instance, the general curve or one-spread in F,n,, whose equations are 

X>= Ai (c.), j =i, ...., n, 

depends apparently on n functions; but by means of the transformations (a) 
and (c), of "P.D. G.," ? 2, two of these functions can be reduced to the values 
1 and c, respectively; the other n-2 functions are independent and essential. 
Using the notation of Kasner,* we may say that the number of curves in F., 
iS Cc (n-2) fi 

Similarly, the general m-spread 

m 
X 1=lai Aj t(), j = 1 .,n, 

i=1 

involves the mn functions A j (c.) ; but rn2 of these functions can be reduced 
to constants by the transformation (b), of "P. D. G.," ? 2, and one other funQ- 

tion can be chosen as a new parameter ca by means of (a), of the same section; 
so we see that the general rn-spread S. in Fn, depends essentially on 

n (n - m)rn-1 arbitrary functions. By arbitrary functions we mean functions 

which are continuous and possess a certain finite number of successive deriv- 
atives, but otherwise are arbitrary. 

Geometrically, we obtain the same result by making use of the well-knownt 
fact that the choice of every generating (r-1) -flat of Sm depends on n (n-rn) 
arbitrary constants; hence, a continuous system of cc 1 such generators depends 
on n (n-rm) arbitrary functions of ci, one of which, again, can be chosen to 

replace c. 

* Bulletin of the American Mathematical Society, Vol. XIX (October, 1912), p. 14. 

t Cf. Schoute, "Mehrdimensionale Geometrie," erster Teil (1902), p. 253. 
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The range of the general m-spread in F., is obviously the smaller of the 
two integers m and n - m. If n is even, the number m (n - m) - 1 will be a 

n n-i maximum, when m = and if n is odd, it will be a maximum, when m 2 

or +1 Hence, the most general spread in F.,_1 if n is even, is Sng,X which 
n2-4 

depends on n 4 arbitrary functions; and if n is odd, it is either 8(,,-lf22 or 

Mn')A2 ,each of which depends on 4 arbitrary functions. 

25. If a spread S is of higher range than both.its tangent spread S' and 
its focal spread S5, it remains to a certain extent arbitrary, even when S' and 5, 
are known; that is, when all the spreads of its primary tree except itself are 
known. For, putting S = 5, 5' ? = 5r,*, S,o= 5r- r we see that S can be 
chosen to be any spread enclosed in S', = S * and enclosing Si,, = i 
provided that the common enclosing spread of S and 51,2 be precisely 51"1 and 
not a lower spread enclosed in it, and provided that the common enclosed spread 
of S and S,,2 be precisely S, l and not a higher spread enclosing it. These 
provisos, however, are in general satisfied. In other words, the generators of 
S can in general be chosen to be any (m-1)-flats lying in the corresponding 
(m+r-r,-1) -flats of S', and passing through the corresponding (m-r+r-,-1) - 

flats of l 

Hence t the choice of each generator of S depends on (r - rl) (r - r1) 
arbitrary constants. That is, if there exists t a spread of range r, having a 
given tangent spread of range r, and a given focal spread of range r_,, there 
exist exactly c: Q'-ri) (T-T l)fi such spreads. 

26. In a similar mnanner we can easily prove the following dual theorems, 
which may be regarded as an extension of "P. D. G.," ? 51. 

If a spread Sr, in Fn.,, has a given If a spread Sr X in 
F.,-, 

has a 
tangent spread of range r,, the deter- given focal spread of range r-, the 

inination of Sr depends on (r-r,,) m determination of Sr depends on 
arbitrary functions. (r-r-,) (n-m) arbitrary functions. 

27. Let us now determine the degree of generality of S", per se; that is, 
when neither its tangent spread nor its focal spread is known. In the first 
place, the general case is the one in which the ascending and descending series 
determinned by Sr are both regular so far as the given values of in, r and n 

* For the notation, see "P. D. G.," ? 17. t Cf. Schoute, loc. cit. t See "P. D. G.," ?? 51, 52. 

17 
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will allow. That is, the spreads of the ascending (descending) series are all 
of range r except the last one, which is of range zero, and the next to the last 
one, which may be of range < r. For, any additional irregularity is due to the 
existence of additional linear relations which diminish the generality of the 
spread. Moreover, the different spreads of a regular series all have the same 
degree of generality. 

Let m = r k + r1, where k is an integer and O?r1 < r. The (k- 1)-st focal 
spread of Sr will be an Sri, in the general case, and the k-th focal spread an Sri. 
Sr will be uniquely determined by first choosing Sri,, which, by the theorem of 
? 24, depends on r1 (n - r,) -1 arbitrary functions, and then choosing Sr+ri 
which, by the right-hand theorem of ? 26, depends on (r - r,) (n - r - rl) 
additional arbitrary functions. Hence, the total number of arbitrary functions, 
all independent, on which Sr depends, is r (n- r) -1. 

That is, the general rn-spread of range r in F.-1 is determined by 
r (t - r) - 1 arbitrary functions. Since this number is independent of r, 
and of m, it follows that the spreads Sr, Sr+, S _r all have the same 
degree of generality. 

28. We proceed to the consideration of spreads whose ascending or 
descending series is irregular. We first take the case where the descending 
series is irregular, and the ascending series regular (so far as possible). 

THEOREM. In F,_1 the most general spread Sr (r = r0 ), whose successive 
focal spreads are of ranges r_, r-2 .. r-(g) 0, whose t-th focal spread is 
a flat S?_ , and whose tangent spreads are entirely arbitrary, is determined 
by tt arbitrary functions, where 

-(t-2) (t-2) 

=e r (n-m'-t r) - tri1 (r-r) -1 = r(n-in) + Z riri-1-1. (9) 
i=-1 =o 

As to the proof, it is sufficient to remark that Sr = S can be determined by 
first choosing StO, then St-1, , etc., and finally S itself. Since St , is a flat SO, 
its choice depends on mt- (n-mt) arbitrary constants, and not on any arbitrary 

-(i-1) 
functions. When Si+,O has been chosen, Si,o of dimensionality m - E raS 

i,O,~~~~~~~= 
is restricted only by the fact that it must enclose Si+1: 1 and be enclosed in Fn-,,; 
hence, if t-1 > i> 0, its choice depends on 

(i-1) 

(-'r-(i+,)) (n + Y, ra) 
a=o 

arbitrary functions. When so chosen, it will, in general, have a regular series 
of tangent spreads Si(j = 1, ...., i), and will tlherefore satisfy the condition 

of "P. D. G.,>' ? 52. 
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29. Dually, it is clear that the most general spread Sr (r = r0), whose 
successive tangent spreads are of ranges r1, r2 . r_1 , 0, whose u-th tangent 
spread is a flat S?", and whose focal spreads are entirely arbitrary, is deter- 
mined by s' arbitiary functions, where 

u-2 u-2 

,' = r (mu r) - > ri+1 (r- r) -1 = rm +,5X riri+, -* (91) 
i=1 i=o 

30. We next proceed to prove that if there exists a spread of range r, 
whose first tangent and focal spreads are of ranges r, and r1, respectively, 
and whose second tangent and focal spreads are given spreads of ranges r2 and 
r-2, respectively, then there exist just o 1fi such spreads, where 

k= (r-rl) (r-r1) + 2 (r-rl) (r_1-r-2)+ 2 (r-r-1) (rl-r2) +3 (r1-r2) (r-,-r-2) 
=r2+r(r1+ r1)-2r(r2+r-2)-(r1 r-2+r r-r1) +3 r2r.2 (10) 

PROOF. The required spread S = SI' can be determined by first choosing 
8110, then S, o, and finally S itself. S1 0 is the most general spread S.+r 

enclosed in 52 1 =m+r+r,-r2 and enclosing S2,3 = 1m-r_r1+3r 2 and so depends on 
(r1 - r2) (2 r + r1 -3 r-2) arbitrary functions. Then S, 0 is the most general 
spread S__ enclosing S2S1 - S__r_S+12 and enclosed in S = 2 - 5 +r-2r.I and 
so dep3ends on (r.1 -r2) (2 r - 2rl) additional functions. Finally, S, by the 
theorem of ? 25, depends on (r - r,) (r - r-) additional functions. The sum 
of these numbers gives (10), and proves the theorem. 

31. We are now prepared to take up the case where the ascending and 
descending series are both irregular. 

THEOREM. In F.1 the most general spread SI' (r = rO), whose successive 
tangent spreads are of ranges r1, r2.., r_, 0, the last one being an SO 
and whose successive focal spreads are of ranges r.1, r-2, . . ., ), 0, the 
last one being an S? , is determined by X arbitrary functions, where 

u-2 -(t-2) 
X r (mwu _-mt-r) - ri+,, (r -ri) - ri-, (r -ri) - 

u-2 -(t-2) 
r2 + I r, r,+l, + ri ri-,r*-1.(1 

i=O i=O 

32. The method of proof will be sufficiently clear, if carried out for the 
special case in which t =u = 3, m_ 0, mu = n; so that 

n=- 2r + (r: + r2) + (r-1 + r-2)7 (12) 
where 

r?r1?r2 and r>r-ir2> (13) 
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We first find the number of arbitrary functions that determine S2= Sr29 and 
S2 - 5a_r2* The number of additional functions that determine S1, S and 8 
will then be given by (10), ? 30. When 82 is chosen in the most general manner 
possible for the given values of the ranges, its fourth tangent spread S24, whic 

is enclosed in 52, will be of dimensionality 5 r_2, provided 

n > r2+ 5 r-2. (14) 

In this case S2 depends on r-2(n-r-2) -1 functions, and S2 on r2(n-r2-5r-2) 
additional functions; so that together they depend on 

r2(n-r2)+rr2(n-r.2)-5 r2r-2-1 = (2 r+ r+ r-1) (r2+r-2)-3 r2r-2-1 (15) 

arbitrary functions. 
If (14) is not satisfied, this method fails.; but we can proceed to choose 82 

first and then S2. For, S2,4 encloses S2 and can be chosen to be of- dimension- 
ality n - 5 r2, provided 

n > r2 + 5 r2. (14) 

In this case S2 depends on r2(n-r2) -1 functions, and S2 on r-2(n-r2-5 r2) 
additional functions; so that the number of functions on which both depend is 
given by the formula (15), as before. But one of the two conditions (14), (14') 
must in every case be satisfied. For if not, we should have, by addition, 

it < 3 (r2 + r-2), 

which would contradict (12) and (13). 
Finally, by (15) and (10), we find that the total number of arbitrary func- 

tions on which the original spread S depends is 

r(n-r) -r2(r-r1) -r.2(r-r,) -1 =r2+ (r r1+r1 r2) + (r r_+r1 r-2) -1, 

which proves formula (11) for the special case under consideration. 
It is clear from (11) that the maximum value of X for given values of it 

and r is r (n - r) -1, and that this value is obtained by putting mn = n, m_t =0 
and r,,2 = .... = = r = r_. =. ... = r(_2). This verifies the theorem of 

? 27 from another point of view. 

V. CLASSIFICATION. 

33. In classifying spreads generated by c'- flats from the projective 
differential standpoint, we shall employ three different kinds of classification: 
first, a broad classification, depending only on the structure of the two principal 
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series, one ascending and the other descending, determined by the given spread; 
second, a narrower and more detailed classification, taking account of the branch 
series as well, and depending on the structure of the entire primary tree deter- 
mined by the spread; and third, a still more detailed classification, taking 
account of the common enclosed and enclosing spreads of the various spreads 
of the tree, and depending, therefore, on the structure of the extended tree 
determined by the spread. 

If two spreads Sm and T.,, of different dimensionalities (m < i'), have 
the same structure or belong to the same class according to any one of these 
three principles of classification, it is evident that by means of one or more 
projections or sections of the ordinary kind (see ? 16), we can obtain from 
either one of the spreads a new spread of the same dimensionality and class 
as the other. Thus, if m' - mn + It, then by Rt successive projections we obtain 
fronm S a spread S., of the same class as Tm., and by It successive sections 
we obtain from Tin a spread T. of the same class as S. 

34. For instance, in four-dimensional space F4 all plane curves S' (not 
including straight lines), all cones Z17 immersed in three-flats, and all line-cones 
U7 immersed in F4, belong to the same class K1. Their respective trees are 

S3 4 U5] 

Sij T' It S2 13 U4l 

S1 112 U1 

b? 1? U?2 

where the order from the bottom up is in each case: the first focal spread, the 

given spread, the first tangent spread and the second tangent spread. To is 

the point-vertex of T", T' is the system of tangent planes to T', T' is the 
three-flat in which T' is immersed, etc. Every S' projects into a T', and every 
T' into a Us. Moreover, the spreads S', T' and UI belong to a class K2 

different from K1; for although the tree determined by S' is the same as that 
determined by S1, the corresponding spreads are not of the same range. 

Since the principle of duality holds between the pairs of spreads S' and 

UI, S' and Ul, T' and T', we can speak of K1 and K2 as dual, or correlative, 
classes of spreads. 

The ranges 0, 1, 1, 0 of the spreads of these trees serve to characterize 

the classes K1 and K2; hence, we write K1 = (0110) and K2 = (01 10), indicating 
the range of the original spread by a bar. The symbol (0 110), without the 
bar, will then denote the two classes taken together. 
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Developable Spreads. 

35. Returning to the general discussion, we shall now consider systemat- 
ically the different classes of spreads existing, in F-,l, in the order of their 

simpllclty. 
First of all, there is the trivial class (0), consisting of the spreads of 

range zero, or the fixed points, lines, planes, etc. 
Then come the various classes (011.... 110) of spreads of range 1, or 

developable spreads. Since their trees have no branch series, the three methods 
of classification here yield precisely the same results. The simplest class of 
developables is (010), which includes the ranges of points, the pencils of lines, 
the pencils of planes, etc. Notice that the, straight line considered as generated 
by its points belongs here, while considered as a whole it is of range 0. Next 
in order are the two classes (0110) considered (for n - 5) in the preceding 
section. After them come the three classes (01110), of which the simplest 
(non-conical) representatives are: for (01110), a curve immersed in a three- 
flat; for (01110), its tangent surface; and for (01110), its system of osculating 

planes. The classes (01110) and (01110) are dual, while (01110) is self-dual. 
Obviously, the total number of classes of developables in F,-1 is 1?2+ ... 

+ (n-1) i(n - 1), of which n-I are classes of proper spreads in Fn-, 

in the sense that they have no representatives in a space of lower dimensionality 
than n -1. A proper spread, therefore, is a non-conical spread imnmersed 
in Fn-l 

Spreads of Range 2. 

36. Spreads of range 2 are of four general types, 

(0,2... .2,0), (0,2....2,1... .1,0), (0,1.... 1,2.. .2,0), 
and (0,1....1,2....2,1....1,0). 

Those of the first type may be called regular spreads, since the entire tree, 
exclusive of the first and last spreads, consists of a single regular series. All 

developable spreads are, therefore, also regular. Those of the second type 
possess a descending branch series, of range 1, not indicated in the symbol; 
simnilarly, those of the third type have an ascending branch series, and those of 

the fourth type have two branch series, one ascending and the other descending. 
The simplest class of regular spreads of range 2 is (020), which is repre- 

sented in F3 by a skew ruled surface S'. Ie n is even, there are evidently 
1 1 

ng I (n - 2) classes of regular spreads of range 2 in F.~, of which 2-- (n-2) 
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are proper, if n is odd, there are (n-1) (n-3) classes, but not one 

is proper. 
37. When we come to the non-regular spreads, the number of classes 

depends on the particular method of classification. We shall for the present 
use only the first and broadest method, reserving a minuter classification of a 
few of the'simnpler spreads for sections 42-73. 

In thle case of the second type of spreads of range 2, the total number of 
1 

classes in F.-,, if n is even, is easily computed to be 24n (n -2) (n -4); 
1~~~~~ 

and the number of proper classes is 
I 

(n - 2) (n - 4). If n is odd, the total 

1~~~~ 
number of classes is (n - 1) (n - 2) (n - 3); and the number of proper 

.1 
classes is --g- (n - 1) (n -3). The same figures hold for the third type. 

In the case of the fourth and last type, the total number of classes in F,,,-, 

if n is even, is 96 n (n -2) (n - 4)2; and 
I 

(n -2) (n-3) (n-4) of them 

are proper classes. The total number, if n is odd, is 6 (n-1)2(n-3) (n-5) 

and 24 (n-- 1) (n-3) (n-5) of them are proper. 

Spreads of Range Higher than 2. 

38. As the range increases, the number and complexity of the different 
types increases rapidly. For instance, if the range of S is 3, the principal 
ascending series determined by S may include spreads of ranges 1 or 2, or both 
or neither, and the same is true of the principal descending series. Hence, 
there are 4 - 4 =16 types, of which the simplest is the regular type 

(0,3 .... .3,0), 
and the most complicated is 

(01. .. .1,2.... .2,3... .3,2. .. .2,1... .1,0). 

Spreads of the latter type have two principal branch series of range 1, ascending 
and descending respectively, and two principal branch series of range 2, ascend- 
ing and descending; moreover, each of the latter may determine a secondary 
branch series of range 1 and possibly, a connecting series. 

The simplest class, however, in which a connecting series exists, is obviously 
(02320); and it is represented in F9 by a spread 
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=5 - [A1, A2, AI, Al, Al], 
whose fundamental directrices satisfy a differential equation of the form* 

3 2 
E h8x A- 0. 

Proper Spreads in F, and in F,. 

39. From this point on we shall confine our attention to four and five 
dimensions, and to the classes of proper, non-developable spreads. 

In F4 there are just two such classes, (0210) and (0120), and they are 
correlatives. In view of the theorem of ? 27, each of these classes containas 

Go 5f1 spreads. The first is the class of skewt ruled surfaces S2 immersed in F4, 

and the second is the class of non-conical skew planar ? spreads S2. The fact 
that the first tangent spread of S2 is an S', and that the second tangent spread 
is SI = F4, may be expressed by saying that two consecutive generating lines 
of S2 are connected by a three-flat and that the connecting flat of three con- 
seeutive generators is F4 itself. Dually, we may say that two consecutive 
generating planes of S2 meet in a point, and three consecutive generators 
do not meet. 

40. In F5 there are si'x classes of proper, non-developable spreads: 

(0220), (0220), (02110), (01120), (01210) and (030), 

of which the first two and the last are regular. 
The class (0220) consists of co 7fi spreads, namely the skew ruled surfaces 

S2 whose tangent spreads are of range 2; these tangent spreads S2 constitute 
the dual class (0220); their focal spreads are then the original ruled surfaces 

S2. In other words, two consecutive generating lines of S2 are connected by 
a generating three-flat of S2; and two consecutive generating three-flats of S2 

intersect in a generating line of S2. Three consecutive generators of S' are 
connected by F5, and three consecutive generators of S2 do not meet. 

On the other hand, the class (02110) consists of the skew ruled surfaces 
S. immersed in F.,, whose tangent four-spreads are developable; two consecu- 
tive generators of S2 are connected, as in the preceding case, by a three-flat, 
but three consecutive generators are now connected by a four-flat. The dual 

class (01120) consists of the non-conical skew four-spreads S2 whose focal 

spreads are developable surfaces. Two consecutive generators of S2 meet in 

* See "P. D. G.," ?? 56 and 69. 

t A non-developable spread may be called a skew spread. 
$ A three-spread S,}, being generated by o I planes, may be called a planar spread. 
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a line and three consecutive generators meet in a point. Each of these classes, 
in view of ?? 28, 29, contains co 6f, spreads. 

The self-dual class (030) includes the planar three-spreads of range 3, S8, 
the number of which is 00 8f1 They have no tangent or focal spreads, properly 
speaking; that is, two consecutive generating planes of S3 do not meet, and 
their connecting fiat is F5. 

Finally, the self-dual class (01210) includes the proper planar three-spreads 
of range 2, S2, the number of which is ao 7f, (cf. ?? 27 and 31). Their tangent 
five-spreads and focal curves are necessarily developable. Two consecutive 
generating planes of S. meet in a point and are connected by a four-fiat; three 
consecutive generators do not meet and are connected by F5. 

41. The difference between planar three-spreads of ranges 3, 2 and 1 in F5 
may be expressed by saying that two consecutive planes of S8 do not meet, 
those of S2 meet in a point, and those of S' meet in a line. This must be 
understood to mean merely that the focal spreads in the three cases are of 
dimensionalities 0, 1 and 2, respectively. Two neighboring generators of S2 
and of S' will not, in general, meet at all. The relative position of two neigh- 
boring generators can be determined by introducing the metric concepts of 
distance and angle, and recalling that two planes in F5 have a distance a, 
a maximum angle d and a minimum angle y.* Then it can easily be shown 
that in the case of two neighboring planes of S3 the three quantities a, ,B, y are 
infinitesimals of the same order; in the case of S2 two of them are infinitesimals 
of the same order, while the third is of higher order; and in the case of S' one 
of them is of lower order than the other two. 

In sub-classifying these spreads in F4 and F5 with respect to the nature of 
their branch series and extended trees, only the irregular spreads need be taken 
into account. Thus we have two classes to consider in F, and three classes in F. 

Skew Ruled Surfaces Immersed tn F4. 

42. Let S - 2S be a skew ruled surface immersed in F. Its homogeneous 
parametric equations are 

Xi = a, A1j (X) + a2 A2, (C), 

where j runs from 1 to 5, and the parameters are X and a,: a2. Using the 
notation and methods of "P. D. G.," ?? 29, 39-45, 55-62 and 69,t we write 

* Cf. Schoute, loc. cit., pp. 53-72. 
t According to the more usual custom, however, we denote the second derivative of A:, with respect 

to w by A,," instead of A, (as in "P.D. G.") and reserve the latter expression for the square of Al. 

18 
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S S2 = [A1, A2], 
[ 2 A1, A2, 4I, A,], 

and 
S2,0 =Sb=Fo 4 [A1, A2, Af, A2, A", As"]. 

The elements of the array 
Alit A2 /i 

S1 212 

A1 A2 
A1 A2' 

are connected by a linear homogeneous relation 

zgo,A" + Yg1lA" + Ng2iA` + Zg93Ai 0, (16) 

and the elements of the three bottom rows by a relation 

vho0A' + ? h1jAj + h2iAi-?, (16') 
where 

Ihol o 1 hO 

All the quantities involved in these equations are functions of ca. 
By mieans of a transformation to nhew directrices, of the form (b), ? 2, 

"P. D. G.," together witlh a transformation of the coefficients, of the form (37) 
and (38), ? 57, "P. D. G.," the differential equations (16) and (16') can easily 
be reduced to the canonical form 

A" + (k1A2)" (kiAi) + ,k3jA= 0 (17) 
and 

A' + (11A2)' + 12A2 - 0. (17') 

In all that follows, therefore, we shall assume (17) and (17') to be the funda- 
mental differential equations of the spread. It is clear that 

S1"= S3-[A1, A2, A'] and S2S2=[A1, A' + 11A2]. 

43. SI,' is a planar three-spread, whose generatiLng planes contain the 
generating lines of S; *and it is the only such three-spread that is developable, 
as can easily be seen, either by direct calculation, or by duality from the theorem 
of ? 53. Hence, every skew ruled surface S imtomersed in four-space determines 
one and only one developable three-spread whose generating planes contain the 
generating lines of S, namely its spectal enclosing spread S' 1. 

44. The focal spread S1'2 of 5"' may be, as we shall see, either a develop- 
able surface or a fixed line m; but its generators (or generator) will meet the 
corresponding generators of S in the points of a curve (or range on m) 



of N-Dimensional Spreads Generated by x0 ' Flats. 141 

T =TI[Aj, 

which is therefore the common enclosed spread or curve of intersection of S 
and S1,2. 

Let A1 (ca) denote the point on T whose coordinates are All (o),. , A,5(d). 

The tangent plane* to S at the point Al (X) is evidently determined by the three 
points A,(ba), A2(c) and A (ca). But this plane is precisely the corresponding 
generator of S1,1. Hence, the planes of S"ll touch S, and the locus of their 
points of contact is T. It follows that on a skew ruled surface S in F4 there 
exists (apart from the generators themnselves) a unique curve (or straight lirne) 
T, t such that the tangent planzes to S at the points of T form a developable 
three-spread; T is the curve of intersection of S and 51,2* 

The fact that T' turns out to be one of the fundamental directrices [Al] 
of S is a consequence of choosing the fundamental differential equations in 
their canonical form (17), (17'). 

We are now prepared to classify ruled surfaces in F4, by means of the 
values of the coefficients 11 and 12 in (17'), as follows: 

Class (a), 11* O, 
Class (b), 11 0-,12 * 0, 
Class (c), ll --12 = 0. 

Class (a). 

45. This is the general case, and depends on five arbitrary functions. 
S"2 is of range 1(- S2), and its focal spread SI3 is easily found, by tlle method 
of "P. D. G.,' ?? 16, 19-21, to be 

51,3 = S [A zs 12 A] 

S1,3 is in general a curve (of range 1), but will be a fixed point (of range 0), 
if and only if 12/11 satisfies the Riccati equation 

Tht io2 + may 0b 

That is, S1,1 'is in general non-conical, buit may be a point-co:ne. 

* Note the distinction between the tangent plane at a point of X and the tangent three-flat along a 
generator of S; the latter, as defined in "P. D. G.," ? 4, is a generator of S 1,0. 

f In FP, as in FP, a ruled surface S obviously has a line of striction; but in pF3 there is no purely 
projective curve on X analogous to T in PF4- 
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The successive tangent spreads of T are 

T1=0 T1 [A1, Al], 
T2,0 = T1 - [Al, Al (11 A2) + 12Aj, 

3,0= T1 - [A1, A1, (l1A2)' + 12A2, (11A2)" + (12A2)']. 

TI, T' and T' are enclosed in S1, Ss and SI, respectively; but T2 cannot coin- 
cide with S1. T3,0 is in general a family of co1 three-flats (of range 1), but 
will be a fixed three-flat (of range 0), if and only if (l,A2)"' + (12A2)" is ex- 
pressible, by virtue of (17), as a linear homogeneous functi6n of the funda- 

0 so 

S1~~~~~~~~s 

4\ 4~~~~~~ 

CLA4SS (a) SLJB CL,SS (,,) CL ASS (b) CLAzSS (c) 

N~ ~~~~6G // 

mental directrices of T-30. Hence, T' is in general a f our-space curve, but 
mlay be a three-space curv-e. 

Let r and r' be the ranges of SI 3 and T3, 0, respectively. TIleir values 
determine four subclasses into which class (a) is divided, namely: 

subclass (a,,), r =l, r' 1; subclass (a,.2) , r-=1, r'-=0; 
subclass (a2l) , =0, r'= 1; sublass (a22), rC=0, r' . 

We have completed the enuceratIiso of the spreads of the extended tree 
determined by a surface S of class (a). For the subdlass (all) this tree is 
indicated in Fig. 1, where every spread is connected with its tangent and focal 



of N-Dimensional Spreads Generated by c0 1 Flats. 143 

spreads by full lines, vertical or oblique, and with its other enclosed and en- 
closing spreads by dotted lines. 

46. Fig. 2 gives a schematic representation of the surface S1 itself, 
when it belongs to the subclass (all) or (a12). The lines 11, 12, 13 are three 
neighboring generators of S2; the three-flats (11, 12) and (12, 13) intersect in 
the plane 7t2 -(12, M2), the limiting position of which is therefore a generator 
of S1. Let t = (11, inl) and n,, = (is, in3) be two other generators of S3; 
X1 and 2 intersect in the line in2, n2 and . in the line in3; inl, in2, m3 may be 
regarded as three neighboring generators of the developable S1, and P1, P2, P3 

as three neighboring points on its edge of regression SI. When S2 belongs to 

the 
subclass 

(a21) or (a22), the points P1, P2, P3 coincide, and 

SI 

is a cone 
whose vertex So is P1. Q1, Q2 and Q3, being the points of intersection of 11 
and in1, 12 and in2, 13 and in3, respectively, are generators of the curve TI; 
the tangent planes to S2 at the points Q1, Q2, Q3 are 7r1, n2, x3. The lines 
Q1 Q2 and Q2 Q3 , lying in the planes z1 and nr2, respectively, may therefore be 
regarded as generators of TI, the tangent developable of TI; and the plane 
Q1 Q2 Q3, lying in the three-flat (11, 12), may be regarded as an osculating plane 
of TI; that is, a generator of T'. 

If we start with five consecutive generators of S2, they determiine four 

consecutive three-flats of S', three consecutive planes of S1, two consecutive 
lines of S' and one point of SI. 

It is to be observed that of the two fundamental curves TI and SI, asso- 
ciated with the surface 5, the first lies on the surface, while the second does not. 

47. In order to obtain the most general skew ruled surface S2 of class (a), 
we can first choose at random a developable S4 imm/4ersed in F4, which, if non- 
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conical, depends on three arbitrary functions, and if conical, on two arbitrary 
functions. We can then choose any curve TI lying on S', except its edge of 
regression S1; T' will be either immersed in F4 or restricted to an F.3. If it is 
immersed in F4, it depends on one additional arbitrary function, but if in F3, 

it is simply the curve of intersection of S' and F3, and therefore involves no 
additiornal arbiti-ary functions, but merely four arbitrary constants, since F3 

can be any three-flat not passing through the vertex (if any) of S1. Finally, 
we can choose S2 itself to be any ruled surface whose generators lie in the planes 
of S' (the tangent spread of S') and pass through the poinzts of TI, with two 
exceptions, namely, S' itself and the tangent surface T' of T1; this choice 
depends on one additional arbitrary function. Consequently, the number v of 
arbitrary functions on which S2 depends, for each of the four subclasses of (a), 
is as follows: (a11), v = 5; (al2), v =4; (a2l), v=4; (a22), v = 3. 

Among all the ruled surfaces enclosed in S3 and enclosing TI, just two 
are developable, namely, S1 and T', while all the rest, co fi in number, are skew. 

Another method of constructing S2 is to choose TI first, then S1 as a 
developable enclosing TI, and finally S2. If S2 is a cone whose vertex is 

=1 F, 9 it is obtained by simply projecting TI from F,. 
48. As an illustration let us write the equations of a simple rational 

surface of subclass (a22). Let SI be a cone whose vertex S? is C= (1,0,0,0,0), 
and whose directrix TI = [Al] is a curve immersed in the three-flat x1 0. 
Let the equations of TI be 

(a:C2 3 al 
X1 :X2 :$X3 :X4 :X5-=O : 2:; 

more briefly, we shall write: 

TI =[A1] = (0, 1, (1) (j2, 3). 

Evidently, S1 = [C, A1], S' _ [C, A1, A] and T' = [A1, A4], where 

A' (0, O, 1, 2x, 3 02). 

The second fundamental directrix A2 of S2 = [A1, A2] can be chosen to be any 
curve of S' not situated on S' or on TI. That is, [A2] = [a1C+a2A,+a3A"], 
where al, a2, a3 are functions of X or constants, such that al *: 0 and a3 : 0. 
The simplest choice is a, - a3l1, a2 = 0, so that [A2] is the conic 

[C + Al] = (1,0 , 1, 2 ta, 3 Ca2). 

Then 
S2-[A1, A42] - (X 12 cJ + x9 W,+ 2X.C, C+ 7 3 2), 

where 6) and 2x are the parameters. By reference to the theorem of ? 14, we 
see that S2 is of order 4, SI and TI are of order 3, SI and TI are of order 4, 
and S' and T' are of order 3. 
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Class (b). 

49. This case depends on four arbitrary functions. Evidently, 

= S1 = [Al, A] and S13 = S = [A1], 

-which therefore coincides with T"; that is, TI- SI,I T= SI T3 = S and 
TI = SI. The tree determined by S (see Fig. 1) is now somewhat simpler 
than for class (a)* 

Fig. 2 will givre us a schematic representation of a ruled surface S of 
class (b), if we let 1l, 19, I>, instead of 11, 12,13, be three neighboring generators 
of the surface; Q1, Q2, Qs will then coincide with P1, P2, P3, respectively. The 
description given in ? 46 for class (a) will apply without change, except that 
P1, P 2 and P3 can not now coincide with one another; that is, S' can not be 
a cone. 

Hence, in order to construct the most general S2 of class (b), we first 
choose any curve S' (= TI) immersed in F4, which depends on three arbitrary 
functions. We then choose S2 to be any ruled surface whose generators pass 
through the points of S1 and lie in its corresponding osculating planes (gener- 
ators of SI), with the single exception of the tangent surface S' of S1. This 
choice involves one additional arbitrary function, making four in all. 

To illustrate class (b), let S' be the rational quartic 

[A1] (1, C, @2, 03S ?4). 

Then S =[A1, A' bA"], where 

[A" ] -(0, 0, 1, 3x,A) 6X2). 
Choosing A2 -A', we have S2 [A,L A"'], which is a quintic surface. The 

orders of SI, S1, S1 and SI are 4, 6, 6 and 4, respectively. 

Class (c). 

50. This case involves only three arbitrary functions. As in class (b), 
512 coincides with T"0, but is now a fixed line m (of range 0). That is, 

S1,2 = S2 [A1, A'] = TO = T1, 

S2 may be described briefly as a ruled surface immersed in F4, whose generators 
all meet a fixed line m without passing through a fixed point. In the extended 
tree (Fig. 1) TI no longer, as in class (b), belongs to the descending series 
determined by S1; it is simply a point-range lying on m. S3 is a line-cone or 
conical three-spread whose vertex is the line m. 

In order to construct S2 of class (c), we first choose any S' whose gener- 
ating planes pass through a fixed line m; this involves one arbitrary function. 
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We then establish a one-to-one continuous correspondence between the planes 
of S' and the points of m; this involves one more arbitrary function. Finally, 
in each plane of S3 we choose a line I passing through the corresponding point 
on m (and not coinciding with in), in such a way that the lines I form a con- 
tinuous system; this involves still another arbitrary function, making three 
in all. 

As an example of class (c), let 

T' = [A] = (1, w, 0, 0, 0) and [A2] (0, 0, 1, o, &2). 

Then 
52 _ [A1, A2] (1, C, 2., 2C, 2.&2) 

which is a cubic surface; its generators connect the points of the conic [A2] 
with the corresponding points of the projective range [A1]. Eliminating x 

and c, we find that S2 is the partial intersection of the quadric three-spreads 
X1 X5 = X2 a;4 and X1 X4 = X2 X3 , which also intersect in the plane x: = x2 - 0. 

51. The three fundamental classes of skew ruled surfaces S in F4 may be 
distinguished by the fact that for class (a) every tangent to the curve T' at a 

point Q is dtstinct, in general, from the characteristic (focal line) of the tangent 
plane to S at Q, whereas for class (b) these two lines always coincide and are 
variable, and for class (c) they coincide and are fixed. 

We have shown that the tangent spread SI ?O of an S2 may be non-conical 
or may be a point-cone or line-cone, but can not be a plane-cone; that is, 
a pencil of three-flats. Moreover, T1 may be a four-space curve, a three-space 
curve, or a range (straight line), but can not be a plane curve. 

The projection of an S2 from a point P of F4 (see ?? 15-23) is in general 
a conical S2 of type (020), illustrating the theorem of ? 22. But if S2 is of 

class (a21) or (a22) and P coincides with S1'3 = SO, or if S2 is of class (c) and 
P lies on the line S1,2 = SO, then S2 projects into S1t1 = S3 , illustrating the 

theorem of ? 23. * 

Non-Conical Skew Planar Three-Spreads in Fit4. 

52. The projective differential geometry of planar three-spreads could be 

obtained from that of ruled surfaces by the principle of duality. But it will 

be necessary for our purpose to build it on an independent foundation. 
Let S = S8 be a non-conical skew planar three-spread in F4. Since its 

focal spread S, o is of range 1, we see that a normal system of fundamental 

directrices ("P. D. G.," ?? 39-46) of S2 is furnished by the two bottom rows 

of the array 

* For additional properties of S22, see Ranum, Trans. Amer. Math. Soo., Vol. XVI, p. 89, ?? 1-9. 
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At A"I] 12 

A1' A2 (18) 
1 2 

Al 
That is, 

S-=f2 =[All Al, Al],* 
from which we derive 

S1' ?= So = F [A1, A,l A2, A', A"'], 
S1. 0 =SI = [Al] , 

K51,1 - 8 = [A1, A'], 
and 

S1,2 = S3 = [Al, A1, A"']. 

The most general transformation to new directrices, which preserves the 
normal character of the directrices, will be a special case of (b), ? 2, "P. D. G."9; 
namely: 

A94ocAf, 2 = SA.2+)IA' + 3AI, (19) 

where a 0 and i: *0. By means of this. transformation it is easy to see that 
the fundamental differential equations of the spread can be reduced to the 
canonical form 

Alt' + (1Al)' + l2Af + 13A]-0, (20) 
Alt' + E (kli Al) h2A' + ksAj - O. (20') 

We assume that this has been done. 
53. Of all the ruled surfaces enclosed in S2, the only developable is S1; 

for A1 is the only directrix of S3 whose derivative is also a directrix of S3. 

Hence, every non-conical skew three-spread S in F4 determines a unique develop- 
able surface whose generating lines lie in the generating planes of S, namely, 
its special enclosed spread S1,. 

54. The tangent three-flat to S2 at a point 

P = aAl (c.) + b Al (@) + C At (X) 
of the generator X is the flat connecting the plane & and the point 

bA' (X) + cA" (&). 

Being independent of the coefficient a, it is the same at all the points of the line 

joining P and the focal point A1 (Xa) in the generator w. 
Defining a focal line of S8 as any straight line lying in a generating plane 

and passing through the corresponding focal point, we see that the tangent 

three-flats to S2 at all the points of a focal line coincide; hence, we may speak 

* The reason for writing As' with a prime is given in "P. D. G.," ? 41. 

19 
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of the tangent three-flats to SI along its focal lines ;* there are 
co 

2 focal lines 
and oo 2 tangent three-flats. Obviously, the focal lines of an S and the tangent 
planes to an S2 are correlative in F4. 

Now consider those particular focal lines (c = 0) which are generators of 
Si or tangents to the focal curve Sl; the corresponding tangent three-flats 
to S2 are generators of the spread 

17Y = T' = [Al, A'7 A", A"],9 

which is the common enclosing spread of S and S1,2; that is, they are the flats 
connecting the generating planes of S and the correspond'ing osculating planes 
of S1. Hence, among the X 2 tangent three-flats to a non-conical S2 S there 
is a utnique system T' of o I three-flats, such that the focal lines along which 
they are tangent to S2 form a developable surface; T' is the common enclosing 
spread of S and 512. 

By means of (20) we classify the spreads S2 as follows: 

Class (a): 11*0: 0 i o spreads. 
Class (b) : 11 0, 12 * 0; X If spreads. 
Class (c): 11 = 12 = 0; 

0 3ft spreads. 

Class (a). 

551 S1,2 is of range 1 (= St), and 
S1,3 -S4 = [Al Al ? A 1', (1lAl)' 1+ 12Af] 

which is of range 1 or 0, depending on (20'). Moreover, 

,= T [A1, A, 4 + l1 Al] 

T20= = [All A1 + 11 Al- 4Aj1 
and 

[3,0 =T= [A' + 11 A l A" + ((%)l + (l2)2)AI 

T3.0 
is of range 1. or 0, depending on (20). T1, T' and T' enclose SI, S' and 

Si, respectively; but T' cailnot coincide with S'. Letting r and r' be the 
ranges of S1,3 and T3, respectively, we have the four subclasses: 

(all), r=1, r'=1; (a12), r_1, rt=0; 
(a21), r=0, r'=1; (a22), r-0, r'=0. 

Fig. 3 gives a schematitc representation of S2, when it belongs to the 
subclass (all) or (a21). The planes n1,n2, 7t3 are neighboring generators of S3; 

Pl, P2l P3, P4 are points of S'; 11, 12,13 are generators of S2; Ml1 m2, M, M 

* The tangent four-fats to S 2 along its generators coincide with F4 itself. 
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are generators of T'; the planes pi (11, inM), P2 = (12, MI2), P= (13, mn3) are 
generators of T1; and Q1, Q2, Q3 are points of T'. 

56. In constructing the general S2 of class (a), we first choose any planar 
T3 immersed in F4, either non-conical or a point-cone, and then any developable 
surface St enclosed in, T', except its focal surface TI. SI will be either 
immersed in F4 or restricted to an F3. Finally, we choose S2 itself to be any 
three-spread whose generating planes contain the generators of S' and lie in 
the tangent three-flats of T", with two exceptions, namely T3 itself and the 
tangent spread SI of S1. These two are the only developable three-spreads 
enclosing S' and enclosed in T'. 

l3r 

CG. 3- 

As an illustration of subclass (a1l), let 

T' = [A] (1 ct,(2 (3 (4.) 

S' = [A1] [A + A'] _ (1, 2 c), 3Ca2 4 w', 5 (a4) 
and 

S= = [A1, Al, Ag], 

where [A'] = (0, 1, 3x, 6c2, 10X3) and [A.'] = [A"'] = (0, 0, 0, 1, 4). S iS 

easily seen to be of order 5. 

Class (b). 

57. S,,2 is again of range 1, and 

S1,3 = 81 = [A1, A', A"', Al], 

wbich therefore coincides with TZ. Fig. 3 can be made to represent this case 
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by letting the generating planes 7q, 7t, , ns of S8 pass through the lines mi2, mn, mn4 

instead of 11, 18; they lie in the tangent three-flats of T, as before. 
In constructing the general S2 of class (b), we choose a proper developable 

T7., and for generators of S8 take any continuous system of planes containing 
the focal lines of T' and lying in the corresponding tangent three-flats, with 
the exception of T8 itself. 

Class (c). 

58. S1,2 is now of range 0 (a fixed plane 7t), and coincides with T1,0, 
that is, 

S1,2 =83 -[A1, A1, A'] = T3=E T1,o. 

S' is a plane curve lying in 7t, and T' is a pencil of three-flats whose vertex is x. 
SI may be described as a non-conical three-spread immersed in F4 whose 
generating planes intersect a fixed plane 7 in straight lines (instead of points). 
These straight lines are the tangents to the focal curve S1. 

59. Classes (a), (b) and (c) may be characterized briefly as follows: 
Class (a) : S1,2 = S3 does not coincide with T1,o T . Class (b): S' coincides 
with T1X. Class (c): S1,2 = S. coincides with T1,o = T3. 

We have shown that the focal curve S: of an S2 may be a plane curve, 
a three-space curve, or a four-space curve, but can not be a straight line (point- 
range)-; and that T" may be non-conical, or may be a point-cone or plane-cone 
(pencil of three-flats), but can not be a line-cone. 

A three-flat Q of F4 (see ?? 15-23) will intersect an S2 in a ruled surface U, 
which is in general an S2 (? 22). But if S8 iS of class (a2l) or (a22) and Q 
coincides with SI,, = S', or if S2 is of class (c) and Q contains the plane 
S1,2 = S3, then U coincides with Sl,: = S' (? 23).* 

Irregular Ruled Sutrfaces Immersed in F5,. 

60. Coming now to five-dimenslonal space, we have three irregular classes 
of spreads to consider, naamely (02110), (01120) and (01210), of which the first 
comprises the skew ruled surfaces whose tangent four-spreads are developable. 

Let S-= S2-= [A1, A2] be any such spread. Then 

S' 0 =S' [Al,A, A', A'] . 

The fundamental differential equations can be chosen in the canonical form 

A' + (11 A2)' + 12A2 0, 

A(4)+ (k A2)"f+ (k2 2) "+ X (k3 Ai) + E k,Ai 0. 

* For additional properties of ,82, see Ranum, too. cit., ?? 10-14. 
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Hence, 
S2'0 = l = [A1, A2, Af, A, As'] 

and 
S3 0 S= - F5 = [Al, A2, Al, A, Af', A2"]. 

Exactly as in the case of ruled surfaces in F4 (? 42) we have S"1 S3 
[A1, A2, A] and S",2 = [A1,A +1 A2]; and we define T' = [A1] as the 
curve of intersection of S and S 2. 

The classification of these spreads in F5 is precisely the same as in F4, 
the number of arbitrary functions for each class being one greater than for the 
corresponding class in F41 In the description of each class the only changes 
are the following: In class (a) S' is immersed in F5, and T' is immersed 
either in FG or in an F4; in class (b) T' (= S') is immersed in F,; in class (c) 
S' is a line-cone, as before, but is now immersed in F5 instead of F. 

ATon-conical, Irregular Four-spreads in F5. 
61. In F5 the four-spreads generated by oo 1 three-flats are dual to the 

ruled surfaces. We now consider the class (01120) of four-spreads S whose 
focal surfaces are developable (and non-conical). They are co oft in number. 
Expressing S in terms of normal directrices, we have 

S =- =2 [A1, A , A", A"]. 
Then 

SI,, S= [A1, A'], 
S1,_ S= [Al, A", Al'], 

and 
S1,2 S4 =[A1, A', A"', A"']. 

We define T as the common enclosing spread of S and S1,2; that is, 

T = = [Al, A`, A", A7'', A2A]. 
The three classes of spreads may be described briefly as follows: 

Class (a): T' is non-conical or a point-cone, and Sl,2 = S4 is immersed 
in F5 or in an F4 and is enclosed in T', but does not coincide with T1,0 = I". 
The generating three-flats of S2 pass through the generating planes of S` and 
lie in the generating four-flats of T6. 

Class (b): T" is non-conical. The generating three-flats of S' lie in 
generating four-flats of T' and pass through the generating planes of T10 = 

Class (c) T' is a pencil of four-flats, whose vertex is a three-flat F. 
S2 0 = Si is a curve immersed in F. The generating three-flats of S2 pass 
through the osculating planes of S' and lie in the corresponding four-flats of 
T'. S8 may be described as a non-conical four-spread whose generating three- 
flats meet a fixed three-flat in planes. 
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Proper Planar Three-Spreaids of Range 2 in F5. 

62. We now come to the last and most interesting class of spreads in F5, 
namelv the self-dual class (01210), which comnprises the non-conical, irregular 
planar three-spreads immersed in F5. This is the simplest class of ni-spreads 
in Fn having two branch series, one ascending and one descending. The array 
(18), ? 52, is again fundamental, and we lhave 

S' S3[Al, A', A'] 
Thlen 

S, = T =[A1], 

S1,1 - T' = [Al, A'] 

S1,2 = T3 = [A1, A', Al], 
and 

S110 =R6 = [Al, A', A', A", A"']. 

The fundamental differential equations are 

G Eg0i A "+Eg1iA4+ Eg2tA+g31A1=0, 4 2 
H X2h0 iA "'~ + X 

hliA7+ 
X 2 3 l -0 

(21) H -X hoi A(4) +2 E hli Al'' + X h2i A"'+ 'S:hsi A' + h4l Al 0,1 
where 

g01 g02 1*0. 
hI l h02 

The most general transformation to new normal directrices is again (19), 
and the most general transformation of the equations (21) themselves is 

G=XG, H =G'+vH, 

where X * 0 and v *0. When (21) is simplified by means of these trans- 
formations, the result depends essentially on whether 902 is equal to zero or not. 
If g02 * 0, we obtain class (a); and if g02 = 0, classes (j), (y) and (s). 

Class (a). 

63. This is the general class, containing c of spreads. The differential 
equations (21) are reducible to the canonical form 

A' + (1A1)'+ 12A + 13A1,= 0 (22) 
and 

AW4) +z (k2A)'+ k3i'+k4lAl=0. (22') 
It follows that 

S1,2 = T'3 
S,3= T4 =[Al, Al, Al, A], 
S1, = Rl-- [A1, Al, A, Af ], 
S1,2 = R' = [A1, A', A'1, 

and 
S''3 = R2= [As A" + 11 A1]. 
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Geometrically, class (ax) is distinguished from the other classes by the fact 
that S1 (= T1), which is in every case enclosed in S1 = R1- is not in this case 
enclosed in S1,2 - R' (see Fig. 4). Hence, in order to construct the most general 
S' of class (a), we can first choose any developable three-spread R' immersed 
in F5, either non-conical, a point-cone or a line-cone; we can then choose any 
curve TI situated on R1, but not on its focal surface (or vertex) R2i TI will be 
a five-space, four-space or three-space curve. Finally, we can choose S' itself to 
be any three-spread (without exception) whose generating planes pass through 
the tangents to TI and lie in the corresponding tangent three-flats to R,. 

64. Coming to the extended tree, we define R as the common enclosed 
spread, or surface of intersectionl of S8 and R1. Then R = R' - [A1, A4], 
RB0 =-- R " - RB"' = I S 1,2 etc. R is a non-regular ruled surface. As 
we have seen (? 60), its structure depends essentially on that of the curve 
U l= U [A'], in whiclh it is intersected by "2 = R2. R can belong to any 
one of the three classes (six subclasses) of such surfaces. Thus it belongs to 
class (a), if in equation (22) 11=*0; to class (b), if 11=0 and 13i*0; to class 
(c), if 11 = 13 0. 

Dually, we define T as the common enclosing spread of S8 and T8; that is, 

T _T' = [A1, A', A4, A'], T10 = 7 S= , T11 = T' = S12, etc. 

T is a non-conical, irregular four-spread, and its structure (see ? 61) depends 
on that of the five-spread 

V= V=[A1, Al, A', Af, Al], 

which is the common enclosing spread of T and T1,2 T4. T cant belong to 
any one of the three classes (six subclasses) of such spreads. If in equation 
(22') k22 *0, T belongs to class (a); if k22 =0 and k32 * , to class (b); and 
if k22 -k32 =0, to class (c). 

The class to which T4 belongs ts obviously independent of that to which R2 
belongs; this independence can easily be shown to extend to the subclasses (all), 
etc., as well. The spreads S2 of class (ca) can therefore be divided into 
6 n6 = 36 subclasses, depending on the subclasses to which R2 and T2 belong. 
If ~2 belongs to subclass (a11) and T2 to subclass (b), we shall say that S2 

belongs to the subclass (Majlb); and s'imilarly for the other combinations. 
It is not difficult to verify that the entire extended tree determined by S2 

is made up of the spreads already mentioned, together with their successive 
tangent and focal spreads. In the case of the most general subclass of all, 
namely (ca1ai.), the extended tree is indicated in F'ig. 4, where the full and 
dotted lines have the same significance as in Fig. 1. 



154 RANUM: On the Projective Differential Classification 

65. By means of the extended tree we can construct the most general 
spread S2 of class (a), for which R2 belongs to any prescribed subclass, as 
follows. We first choose a developable three-spread Rg immersed in F5, eitlher 

N.~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~. 

ol~ 

NI 

T 
16~~~~~~~~~~~ 

non-conical, a point-cone or a line-cone, according as R2 is to belong to one of 
the subclasses (a11), (a,2), (b), to one of the subclasses (a21), (a22), or to (c) 
this choice depen'ds on four, three or two arbitrary functions, respectively. 
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We next choose on its focal surface (or fixed line) R, a five-space or four- 
space curve (or point-range) UI, which depends on either one additional 
arbitrary function or none, according as R' belongs to one of the subclasses 

(al1), (a2l), (c) or not. 
The third and final step is to choose a curve T', situated on R', but not on 

its focal spread R2 or on the tangent spread U' of UI. Any further speciali- 
zation in the choice of T' has no effect on the subclass to which R2 belongs, 
but does affect the subclass to which P belongs. Thus if T[ is a five-space 
curve and depends, therefore, on two more arbitrary functions, T2 will belong 
to one of the subelasses (a11), (a12) or (b); if T' is a four-space curve and 
involves one mnore arbitrary function, T2 will belong to (a21) or (a22); finally, 
if TI is a three-space curve, involving no more arbitrary functions, T2 will 
belong to (c). 

The curves UI and TI, as so chosen, determine completely the original 

spread S and the entire extended tree. For R2 is generated by the lines 
joining corresponding points of UI and TI, and S3 is generated by the planes 
joining the points of UI and the corresponding tangents to TI. Moreover, 

T4 is generated by the three-flats joining the points of UI and the corresponding 
osculating planes of TI, and Vi is generated by the four-flats joining the points 
of UI and the corresponding osculating tlhree-flats of TI. 

66. Dually, it is clear that by properly choosing T8, V" and RI, we can 
construct the most general S2 for which T2 belongs to any prescribed subclass. 
The four-flats of VI intersect the corresponding four-flats of R1 in the three- 
flats of T2; and they intersect the three-flats of R' in the planes of 82, the 
planes of RI in the lines of R', and the lines of R2 in the points of UI. 

67. The degree of generality of each of the 36 subclasses of (a) is now 
easy to compuite; the number of arbitrary functions varies from seven to three. 
At one extreme is (aiall), which contains co 7f spreads; while at the other 
extreme are (ota22a22), (&ca220), (acaj2) and (C) each of which contains co 3f spreads. 

S2 is obviously determined not merely by UI and TI, or by VI and RI, 
but also by R2 and T', by T2 and RI, or self-dually by R2 and T'. This is the 
first case we have met of an irregular spread that ts completely determined 
by the other spreads of its extended tree. 

It is to be noticed, however, that if RM is chosen arbitrarily, it is in general 
impossible to find an S2, for which T2 shall belong to one of the subclasses 
(a22) or (c), having the slowest degree of generality. This is easily seen, for 

instance, in the case where R2 belongs to (a11) and T2 to (c). For then R2 
involves six arbitrary functionls. whereas S2 has only five functions at its dis- 

20 
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posal. Geometrically, also, we see that when T' belongs to (c), RI can not be 
the most general spread of class (a,,); for TI is then i'mmersed in an F3 and 
is therefore the curve of intersection of F8 and Rg. But if R2 is chosen arbi- 
trarily, its generators will not meet any F8. 

Classes (p3), (y) and (s). 
68. Returning to the differential equations (21), we now take up the case 

in which g02 = 0. They are no longer reducible to the form (22), (22'), but 
instead to the form 

A" + (lAl),+l 2A,+l3Al=0, (23) 
A (4) + : (k t)+ki+41 Al = O. ( 2iA~~)f + 2;k3i Af + k (23') 

It follows that 
S1' .=RI = [A1, A , A" , Af], 

and 
S'2 - R3 = [A1, A', Af' + 11 A23. 

The further classification depends on the values of l1 and 12 in (23), as 
follows: Class. (,B), li*0; class (y), 11=0, 12 *0; class (s), II=12=0. 
It is evident that these three classes correspond exactly to classes (a), (b) 
and (c) of the skew planar three-spreads in F4, as given in ?? 55-59. The 
only essential difference is that the role of the spread TI is here played by 
S,1, = RI. The number of arbitrary functions for each class is one greater 
than for the corresponding class in F4, and is therefore the same as for the 
corresponding class of ruled surface of type (02110) in F5, or of four-spreads 
of type (01120), as given in ?? 60, 61. 

69. Classes (/), (y) and (3) may be described briefly as follows: 
Class (/), four subclasses: S -,2 = R' is :non-conical or a point-cone. 

Si,2 =T' is immersed in F5 or in an F4. R' encloses T', but does not coincide 
with 1T. The number of arbitrary functions varies from six to four. The 
subclass (/311) or (/321) is represented in Fig. 3. 

Class (y): RI is a non-conical spread immersed in F5 and coincides with 
T'. There are five arbitrary functions involved. 

Class (3) : 1,2= RI coincides with S1,2 T'. TI is a plane curve; RI is 
a plane-cone. Sf may be described as a proper three-spread whose generating 
planes meet a fixed plane in lines. There are four arbitrary functions involved. 

The spreads R and T, as defined in ? 64 for the class (oc), become coin- 
cident, for the classes (/3), ()) and (3), with T! and RI, respectively. Hence, 
the extended tree, Fig. 4, reduces to the primary tree determined by S8. 

70. The following general theorems concerning three-spreads S2 of type 
(01210) follow almost immediately from what has been proved, 
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Amontg the ruled surfaces, 00 2f in Among the four-spreads, o 2f1 in 
number, which are enclosed in S', number, which enclose S2, those whose 
those whose generators are not focal generating three-flats are not tangent 
lines *of S2 are all skew surfaces. 3to S are all skew four-spreads. 

Amoong those whose generators are Among those whose generating 
focal lines of S2, (>D f in number, three-flats are tangent to S', S t in 
there is one exceptional surface that number, there is one exceptiontal four- 
is developable, viz., its special en- spread that is developable, viz., its 

closed spread T'. special enclosing spread R1. 
Among the latter there is also an Among the latter there is also an 

exceptional surface R having the exceptional four-spread T having the 
property that the tangentt three-flats property that the focal lines of S' 
to S2 along the generators of R form along which the generators of T are 
a developable foutr-spread Rf.| tangent to S' form a developable 

surface T'. 
If S2 belongs to class (j3), (y) or (s), R coincides with T' and T with RI. 

71. Among the ruled surfaces gen- Among the four-spreads whose gen- 
erated by focal lines of S2, T' and Rf erators are tangent to S2, Rf and T 
are the only ones which are not of are the only ones which are not of 
type (0220). If S2 is of class (a), type (0220). If S2 is of class (a), 
f is of type (02110); its tangent T is of type (01120); its focal surface 
spread Rf is developable. T' is developable. 

72. If S2 is a skew ruled surface If S2 is a skew four-spread whose 
generated by f ocal lines of S2, the generators are tangent to S2 the focal 
tangent three-flats to S2 along the lines of S3 along which the generators 
generators of S2 are also the tangent of S2 are tangent to S2 are also the 
three-flats to S2 itself, and therefore focal linzes of S2 itself, and therefore 
generate its tangent spread. generate its focal surface. 

If S2 iS of class (a), 'there exist cfc three-spreads enclosed in T2 and 
enclosing Rf, all of which are of range 3 except S8 itself. 

73. The spreads S2 of class (ex), The spreads S8 of class (a), 'for 
for which Rf2 iS of subclass (c), are which T2 iS of subclass (c), are pre- 
precisely those proper three-spreads cisely those proper three-spreads of 
of range 2 whose generating planes range 2 whose generating planes meet 
meet a fixed line Rt, but do not meet a fixed three-flat T4 in lines, but do 
a fixed plane in lines. not meet a fixed plane in lines. 

* See ? 54. 
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The subclass (a,,) consists of the proper three-spreads of range 2 whose 
generating planes meet a fixed line R' and also meet a fixed th7ree-flat T? in lines. 
RO and T? will necessarily be non-intersecting. 

To illistrate this case, let 

TI - [Al] - (, 0, 1, ,L X3 ) 
and 

UI= [A2] - (1,0,0,0,0,0). 

Then, RI is the line x,= = x5 x= - 0, and T' is the three-flat xl = X2 0- 
TI is a curve immersed in TI. RI is a line-cone generated by the planes con- 
necting R? with the points of TV. TI and R' are of order 3, T' and RI are of 
order 4, T1 and RI are of order 3. The lines of R2 connect the points of the 
range Ul with the corresponding points of TI, the planes of S2 connect the 
points of UI with the corresponding taingents to TI, and the three-flats of T 2 

connect the points of Ul with the corresponding osculating planes of TI. 
The orders of R , S2 and T 2 are 4, 5 and 4, respectively. 

CORNELL UNIVERSITY, January, 1914. 
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